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Abstract  
Problem of finding an optimal upper bound for a chromatic no. of 3K1-free graphs is still open and 
pretty hard. It was proved by Choudum et al that upper bound on the chromatic no. of {3K1, 
K1+C4}-free graphs is 2ω. We improve this by proving that if G is {3K1, K1+C4}-free, then  ≤ 
2
3
 
where ω is the size of a maximum clique in G. Also we give examples to show that the bound is 
tight. 
 
1. Introduction:  
In [1], [2], [4], [5] chromatic bounds for graphs are considered especially in relation with  and . 
Gyárfás [6] and Kim [7] show that the optimal -binding function for the class of 3K1-free graphs 
has order ω2/log(ω). If we forbid additional induced subgraphs, the order of the optimal -binding 
function drops below ω2/log(ω). We consider in this paper only finite, simple, connected, undirected 
graphs. The vertex set of G is denoted by V(G), the edge set by E(G), the maximum degree of 
vertices in G by Δ(G), the maximum clique size by (G) and the chromatic number by G). N(u) 
denotes the neighbourhood of u and )(uN  = N(u) + u. In [1] it was proved that is 2ω is an upper 
bound on the chromatic no. of {3K1, K1+C4}-free graphs and the problem of finding tight chromatic 
upper bound for a {3K1, K1+C4}-free graph was stated as open.  
 
For further notation please refer to Harary[3].  
 
2. Main Result: 
 
The following Lemma defines the structure of {3K1, K1+C4}-free graphs. 
Lemma 1: If G is {3K1, K1+C4}-free, then G = 
j
1
Mi where 1≤ j≤ 4 and <Mi> is complete  i, 1≤ 
i≤ j with |M1| ≤ , |M2| ≤ , |M3| ≤ -1, and |M4| ≤ -1. 
Proof: If G is complete, then G = M1. Next let G be not complete and v, w V(G) be s.t. vw 
E(G). Let A = {x V(G)/xv, xw E(G)}, B = {x V(G)/xv E(G), xw E(G)}, C = {x 
V(G)/xw E(G), xv E(G)}. Let A1  A be s.t. <A1> is a maximal clique in <A>. Let A2 = A-
A1. As G is 3K1-free, <B> and <C> are complete. Now <A2> is complete. Else let a2i  A2 (i=1, 2) 
be s.t. a21a22  E(G). Clearly as G is 3K1-free, |A1| > 1 and  a1i  A1 (i=1, 2) s.t. a1ia2i E(G) for i = 
1, 2. But then <a12, a11, v, a21, w> = K1+C4, a contradiction. Hence <A2> is complete. Let M1=A1 
v, M2 = A2w, M3 = B and M4 = C. 
 
This proves the Lemma. 
 
Main Result: If G is {3K1, K1+C4}-free, then  ≤ 
2
3
. 
Proof: Let if possible G be a smallest {3K1, K1+C4}-free graph with  >
2
3
. Let v  V(G) be s.t. 
deg v = . If  = |V(G)|-1, then (G) = (G-v)+1 and by minimality (G-v) ≤ 
2
)(3 vG 
. Thus (G) 
≤ (G-v)+1 ≤ 
2
)(3 vG 
+1 < 
2
3
, a contradiction. Hence deg v =  < |V(G)|-1. Let w  V(G) be s.t. 
vw  E(G). Let A = {a  V(G)/ av, aw  E(G)}, B = {b  V(G)/ av  E(G) and aw  E(G)}, and C 
= {c  V(G)/ cv  E(G) and aw  E(G)}. As G is 3K1-free, V(G) = ABC. Let A1  A be s.t. 
<A1> is a maximal clique in <A>. Let A2 = A-A1. Let Aj = 
||
1
iA
i
jiA

for j = 1, 2. Now <A2> is complete 
as shown in Lemma 1. Again a1ia2j E(G)  j (else let a1ia2j  E(G) and a1ka2j E(G). Then <a1i, 
a2j, v, a1k, w> = K1+C4). Next let B1k = {b  B/ bamn  E(G) for some n} where k, m  {1, 2}, k  
m, and B2 = B-
2
1
1
i
iB . Then <B11A1B2>, <B12A2B2> are complete and |A1|+|B11|+|B2|+1 ≤ , 
|A2|+|B12|+ |B2|+1 ≤ . Thus  = |A1|+|B11|+|B2|+|A2|+|B12| ≤ -1+-1-|B2|. Hence  ≤ 
2
1 
 ≤ 
2
3
, a contradiction. 
 
This proves the result. 
 
Remarks: Examples of {3K1, K1+C4}-free graphs where the chromatic no. equals the upper bound. 
1. Let G = 

2k
1i
iG where Gi = C5 i. Then ω = 2k and  = 3k = 
2
3
. 
2. Let G = 

2k
1i
iG where Gi = W6 i. Then ω=3k+1,  
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